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Prediction of the Spectral Content of Combination Tone Noise

GorpoN F. PickerT*
Pratt & Whitney Aircraft, Division of United Aircraft Corporation, East Hartford, Conn.

Combination tone noise is generated by a pattern of rotating shock waves in the inlet of turbofan engines when
the relative tip speed of the fan blades is supersonic. A method is presented for determining the expected dis-
tribution of sound power among the harmonics of engine rotation frequency, based on the spectral analysis
of an almost periodic succession of pulses. The spectral distribution of combination tone noise is found to
depend on two statistical — o, the standard deviations of the sequence of shock wave amplitudes; and o,, the
standard deviation of the sequence of time intervals between successive shock waves. The spectral distribu-
tion of sound power is found to depend more critically on o, than on o,. A method of estimating the expected
o, for an important type of blade geometry is developed. Itis found that blades with straight entrance regions
produce higher o, and hence more sound power in the subharmonics of blade passage frequency at the expense of
the sound power in the fundamental of blade passage frequency than do blades with curved entrance regions.

Typical results of the analytical model and comparisons with experimental data are presented.

Introduction

ECAUSE of the establishment of noise certification re-

quirements of new airplanes, there is a need for accurate
noise predictions from new engine designs before experimental
data are available. Combination tone noise (also called
““buzz-saw’’ noise and multiple pure tone noise) is a prominent
type of noise from current high bypass ratio turbofan engines
at takeoff powers. This paper considers the problem of pre-
dicting the spectral content of this noise and is applied to
estimating the power spectrum from engines with a particular
type of fan blades.

Combination tone noise is radiated from the inlet of turbo-
fan engines having fan blades rotating with supersonic tip
speeds. Unlike the sound field produced by fans at subsonic
operation, where discrete tones are produced at harmonics
of blade passing frequency, fans at supersonic tip speeds gen-
erate a multiplicity of tones at essentially all integral multiples
of engine rotation frequency. Figure 1 illustrates this differ-
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Fig. 1 Fan noise spectra at subsonic and supersonic tip speeds.
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Fig. 2 52-in.-diam fan rig and inlet probe traverse.

ence with inlet spectra taken from a full scale research fan rig.
This rig is shown in Fig. 2 together with inlet traversing
equipment which can be emplaced readily and is capable of
mapping the entire inlet field.

The essential features of combination tone noise generation
are well established.’ =3 Shock waves are produced at the
leading edge of each blade and spiral forward of the fan con-
veying sound energy out of the inlet to the far field. Figures
3a and 3b show typical pressure-time waveforms at axial
locations in the inlet very close to and several chord lengths
ahead of the blades. It can be seen that the waveform close
to the fan is fairly uniform both in shock amplitude and in
the spacing between shocks. The associated spectral analysis
confirms this picture with most of the sound power concen-
trated at blade passing frequency. Further forward of the
fan, however, much of the blade-to-blade periodicity is lost
and variations in shock amplitude and spacing between shocks
is prominent. Since the shocks form a fairly steady but
irregular pattern rotating with the fan, the corresponding
spectrum is composed of a series of tones at harmonics of
shaft rotation frequency.

This loss of blade-to-blade periodicity can be explained on
the basis of finite amplitude wave theory.* Close to the fan,
the intervals between shocks are quite uniform due to the
regular spacing of the blades. Some variation in shock
amplitude, however, is inevitable because of small manu-
facturing variations in the incidence angles and other geo-
metric properties of the blades. As the waves spiral forward
of the fan, this amplitude variation creates significant interval
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variation because of the influence of shock strength on the
rate of propagation. Strong shocks travel faster than rela-
tively weak shocks; thus an initial variation in shock strengths
of two consecutive shocks will cause the spacing between these
shocks to vary with distance away from the fan. At the same
time, both shocks are decaying and they eventually reach a
stable situation where the spacing is unchanged with further
propagation. Figure 4 gives an example of this effect; a
sequence of shocks, as recorded by probing the inlet of a
single stage fan rig, evolves into an irregular pattern. A weak
shock (denoted by an arrow) preceded and followed by
stronger shocks clearly demonstrates the evolution of irregular
gaps between these shocks with axial distance ahead of
the fan.

A feature of the combination tone spectra in the engine far
field is that two fans, although identical in design, produce
different spectral signatures. The fact is that each blade is
slightly different within well defined manufacturing tolerance
bands. When the blades are assembled to produce fans, the
small deviations of each fan from design will be different from
fan-to-fan. A deterministic prediction procedure for a given
design would thus require knowledge of the variations in
manufacture of all blades on each fan. Since this is imprac-
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Fig. 4 Change in waveform with distance from rotor.
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tical both in advance of and during production, an estimate
of the average spectrum for a given fan design is required.
This average will not only depend on relevant geometric blade
parameters but also on their standard deviations from design.

Before considering the effects of various blade geometries,
we will first investigate the spectral properties of a sequence
of sawtooth waves similar to those measured in inlets of
turbofan engines and rigs. The method used is similar to
that used in communication theory and considers a sequence
of sawtooth pulses occurring at random time intervals and
with random amplitudes which is periodic over the time
interval of one revolution. The shock field is assumed to be
steady when considered in fan-fixed coordinates.

Spectral Properties of an Irregular Sawtooth Waveform

Consider a fan with B blades rotating E revolutions per
second such that the blade tips have a supersonic relative
inflow. It is assumed that the shock waves are stationary
relative to the fan so that a pressure transducer placed in the
inlet will record the passage of B shock waves over the trans-
ducer head for each revolution of the fan. If the transducer
is placed a few chord lengths upstream of the blades where
the shocks are irregularly spaced with variations in amplitude,
the signal will consist of B unequally spaced pulses of varied
amplitude occurring within a time of 1/E sec. This same
signal will be repeated every in subsequent interval of 1/E sec.
Sequences of pulses similar to these have been analyzed in
communication theory® and the results will be applied here
to obtain the expected power spectrum.

If the spectrum (i.e., the Fourier transform) of a typical
pulse produced by each shock of unit strength with its follow-
ing expansion wave and occurring at zero time is G(w), the
spectrum of the same pulse occurring at time ¢ is G(w)e'**. If
the strengths of the B shocks are denoted by a, where

‘0<n<B—1, and the pulses are regularly spaced, the

spectrum of the B pulses for one single revolution of the engine
can be written as

S(w) = G(w) 3. ay e'neE,
n=0
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Because the pulses are not regularly spaced in the time
interval of 1/E sec, however, the spectrum should allow for
variations in the time of arrival of each pulse. Thus

B-1
S(w) _ G((l)) Zo an e(im/BE)(n-O-zn),
n=

where e,/BE represents the time interval by which the nth
pulse is delayed. Since the shocks are stationary relative to
the fan, the spectrum produced by several revolutions [say
(2M + 1) for mathematical convenience] is

M B—1
Su(w) =G(w) D Y a,eto/BBO+y gionlE 1)
m=-M n=0

The power spectral density can be obtain from Eq. (1) and
is written as

PSD — lim (@) Su*(@)
o QM+ 1) 1E

1 l imw/BE z
—G(w)]? | [M;Me ]
M+ 1D 1/E

B—1 2
Z @, etie/BEY @ +em

n=0

—|G(w)|? 20E? (0 — 27kE) S S s
n=0 m=0

eU@IBEYm=m+ep=m) (D)
using the result
. 1 L 2
3{1_120 M1 [mgMe'm”’E] = 2mEd(w — 2wkE)
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Fig. 5 Expected power in harmonics of engine frequency.
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From the properties of the 8-function and the power spectral
density, it is seen from Eq. (2) that the power is concentrated
at frequencies corresponding to integral multiples of E. The
power in the kth harmonic can be written as

B-1

B—1
-PkE — IG(ZWKE)I 2 27TE2 Z Z Al e(21rik/B)(n—m+s,,—£m) (3)
m=0

n=

Now, the sequence of amplitudes {a,} and the sequence of
interval variations {¢,}are determined by variations in geometry
and orientation of the blades and will vary from fan-to-fan.
Because of the impracticality of determining values of a, and
¢, for each fan, a statistical model is required that relates the
mean and standard deviation of a, and &, to particular blade
shapes and a knowledge of the manufacturing tolerances. In
this way an expected power spectrum for a fan design can be
obtained.

It is assumed that for a particular fan, the sequence {&,} is
normally distributed with a mean of zero and a standard
deviation of o,. The sequence of values {a,} need not have
a specified distribution, but its standard deviation will be
given by o,. The assumption of independence is not strictly
true since the shock intervals are dependent on the relative
amplitudes of successive shocks. It was shown in Ref. 2,
however, that other factors (such as the variations in expansion
regions from blade-to-blade) affect the shock spacing, and for
the sake of simplicity the assumption of independence is
retained.

If expected values are denoted by brackets, { », the
expected power in the kth harmonic of engine rotation fre-
quency can be obtained from Eq. (3) as

Ex(Pir) = {Pisy = 2mE* GQwkE)|?
B—1 B-1
< S Y a.am e(21zik/B)(n—m+e,,—£m)>

n=0 m=0

= 2nE? | GQRakE)|?

B~1 B—-1
{Z 2 <an><am> e(2nik/B)(n—m)<62nike,l/B>

n=0 m=0
B—1 B—1
<82nikamlB> _ Z <a">2 <ezniken/B>2+ Z <a"2>}
n=0 n=0

= 2wE? GQ2wkE)? {52 e~ QEIB2g 2
B—1 B-1
Z Z e2rikIBYn—m) __ B2 o~ (2nkIB)2G 2 |
n=0 m=0

Ba* (1 + aaz)}

using
atelt =<a*> —a*
(elE2mikiBe,y — e‘z‘""“’)zo-f
Thus
Ex(P.;) = 2wa* E*B|GQmkE)|* X
{1+ 0,2+ e @ B202(B§, . — 1)} (4)

where

5. — 1if Bis a factor of k
¥8™" 10 otherwise

Since the typical pulse produced by each shock is sawtooth
and the time duration of the pulse is taken to be that for a
uniform fan (i.e., 1/BE), the spectrum for a sawtooth of unit
amplitude becomes

G(w) = (BE|w?)[1 — cos (w/BE] + i[(BE/w?) sin
(w/BE) —1/w]  (5)
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Fig. 6 Shock wave parameters vs distance ahead of experimental
fan.

Equation (4) was computed with G(w) given by Eq. (5) for
various o, and o, to yield the expected power as a function or
engine harmonic. The results are shown in Figs 5-7 for
values of ¢, =0.0, 0.1, and 0.2, respectively. A family of
curves was generated for values of o, from 0 to 0.5 for the
particular case of a 32 blade rotor. The mean amplitude of
the shocks was taken to be one; thus, in comparing theory
with experimental data, the scaling has to be suitably adjusted.
These values of ¢, and o, were chosen so as to cover a measured
range obtained by probing the inlet of a rig similar to that
shown in Fig. 2. Estimates of o, and ¢ were obtained as a
function of distance and results are shown in Fig. 8. As
would be expected from the form of the solution (where o, is
in the argument of an exponential term), the power spectrum
is critically dependent on the standard deviation in shock
spacing and only slightly upon the standard deviation of shock
amplitude. It should be observed that for all o, presented,
more power is concentrated in the combination tones at the
expense of blade passing frequency (and its harmonics) as o,
isincreased. In particular, when o, = 0.5, the expected power
at harmonics of blade passing frequency is indistinguishable
from the expected power in the surrounding combination
tones. It can also be seen that the expected power in the
combination tones initially increases with engine harmonic,
attaining maximum values about half way between zero and
blade passing frequency. The expected power then decreases
with increasing engine harmonic.

These results are consistent with measured data where it is
found that the combination tones are most prominent up to
blade passing frequency. Occasionally, some tones con-
taining significant amounts of sound power are seen above
blade passing frequency; usually, however, when they occur,
their contribution to the over all combination tone sound
power level is small.
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Fig.7 Compressor blade geometry.
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Fig. 8 Comparison of combination tone distributions.

Having established the fact that the variance in shock
interval (o.) is the critical parameter affecting the spectral
content of combination tone noise, it remains to estimate
values of this parameter in the shock far field for specific fan
blade geometries. Most fans designed for supersonic tip
speed operation are designed with nearly flat suction surfaces.
If the suction surface is curved, the flow expands after the
leading edge shock and the pressure upstream of the passage
shock (i.e., the shock between consecutive blades) decreases
resulting in a stronger shock and a loss in fan efficiency. For
the purposes of this paper, it is instructive to consider the
evaluation of o, for blades with curved suction surfaces,
because there is a simple closed form expression for this case.
The result obtained can be used to indicate trends for blades
with flat suction surfaces.

Estimate of ¢, for Blades with Curved Suction Surfaces

Consider the flow about a representative compressor blade
as shown in Fig. 9. R denotes the suction surface radius of
curvature, = the blade gap, B the angle produced by the free-
stream flow direction and the leading edge plane of the com-
pressor blades, and ¢ is an angle that determines a point on
the nth blade from which a Mach wave is produced that
travels unimpeded out to the free stream region. It is, of
course, this Mach wave that determines the freestream flow.®

It is assumed that with an established freestream flow, indi-
vidual blades are randomly perturbed by pivoting about their
leading edges so as to leave the freestream flow direction
unaltered. The freestream Mach waves from each blade will
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Fig. 9 Fan noise spectra from two different designs.
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also be perturbed causing the spacing between successive waves
to become irregular. A sequence of angles {¢,} for 0 <n < B-1
will be produced that determines the points on each blade
from which the freestream Mach wave is produced. It is
possible to show, from finite amplitude wave theory, that in
the far field the shock waves that are produced at the leading
edge of each blade will asymptotically locate themselves mid-
way between the freestream Mach waves. This, the irregu-
larity of spacing between the shock waves is exactly presented,
in the far field, by the irregularity in spacing between the free-
stream Mach waves.

The spacing between freestream Mach waves can be found
by considering their intersections with the blade leading edge
plane. In coordinates indicated for the zeroth blade in
Fig. 9, the intersection of the freestream Mach wave with the
leading edge plane can be found for each blade to be (x,, y»)
for 0 < n < B-1, where

_ R{cos(p — ¢») — cosp}
Xo =nT+ ( Sni—P) ) cosf
B R{cos(u — ¢n) — cosu} .
Yn=nT+ ( SnGe—B) ) sinf

The distance between the nth and (n + 1)th intersection is

Gn =[(xns1 — X + (Vna1 — ya)?1Y?
=7+ [R/sin(p — B)[{cos(x — $s+1) — cos(p — $n)}
=7 +[R sinu/sin(,u - B)](¢n+1 - d)")

since in all practical cases, the ¢, are very small.
The g, are related to the percentage deviations of the shocks
from their regular ¢, by

&n=(gn — 7T

and thus the standard deviation of the sequence ¢, is found
to be

0. = (2)''*(R/7)sinp/sin( — B)los (6)

where o, is the standard deviation of the sequence ¢,.

In order to test these ideas, a 28-in-diam fan rig with 32
curved entrance region blades was installed, giving tip values
of R/ =3.6 and B=30°. It was operated at a relative tip
Mach number of 1.2 and the combination tone noise power
in each third octave band was determined from readings of
several far field inlet microphones.

It was determined that the standard deviation o, of the
blade angle of incidence was 1°. Thus, with u = 56°,

o, = (2)'/2(3.6 sin56°/sin26°)7/720 =~ 0.042

Since the distribution of power over the entire frequency
spectrum is only weakly dependent on o, a value of 0.2
measured a few chord lengths ahead of the fan was assumed
to be sufficiently accurate for calculating the far field distri-
bution. The calculated values were summed on a third octave
band basis and scaled so that the predicted over-all power
agreed with the measured data. Figure 8 shows the com-
parison.

The essential feature of Eq. (6) is that, as R/~ increases (i.e.,
as the curved suction surface of the blade tends to a flat
suction surface), the parameter o. increases, and more sound
power is concentrated in the combination tones at the expense
of blade passing frequency harmonics. Figure 9 confirms
this trend, comparing % octave band spectra of a 60° inlet
angle from two dissimilar fans; one contains blades with
curved suction surfaces and the other has blades with essen-

tially flat suction surfaces. It is seen that the spectra from -

the fan with flat suction surface blades has more sound power
concentrated in combination tones at the expense of blade
passing frequency than is the case for the fan with curved
suction surface blades.

J. AIRCRAFT

It should be noted that the method presented here for de-
termining o. breaks down when R/r gets too large because
the variations in stagger angle will result in having some Mach
waves that would have travelled to the freestream either being
interrupted by the following blade or becoming part of the
so called head shock structure. Since, as mentioned earlier,
most supersonic blades are designed with essentially flat suc-
tion surfaces, this case is important and is discussed more
fully in Ref. 4. Basically, when some of the blades produce
no Mach wave that travels to the freestream, the shocks from
these blades merge with the shocks immediately following to
produce a number of shocks remaining at the inlet that is less
than the number of blades. The distribution of power among
the combination tones is them determined by the variance in
interval between the remaining shocks. The inlet of a rig
containing flat suction surface fan blades was probed with a
microphone and the data, shown in Fig. 10, clearly illustrate
the shock merging phenomenon.

Conclusions

The essential features of combination tone noise generation
have been described and used to formulate an analysis that
predicts the expected power distribution among the harmonics
of shaft rotation frequency for a specific blade geometry. The
main conclusions can be summarized as follows.

1) Combination tones are generated as a direct result of
small amplitude variations in the blade-attached shocks due to
normal manufacturing tolerances. These shocks propagate
at different speeds creating shock interval variations forward
of the fan.

2) The expected power spectrum of the shock field depends
critically upon variations of the intervals between shocks and
only slightly upon variations in shock strength.

3) Since fan irregularities due to manufacturing tolerances
are not exactly duplicated from fan-to-fan, the combination
tone noise spectra from fans of the same design will be different.
Accordingly, the analysis must of necessity be concerned with
the “‘expected” spectrum of an ‘““‘average” fan of a given
type. Measured individual fan spectra will be distributed
about such an average.

As the suction surface of fan blades becomes flatter, the
standard deviation of shock spacing increases and on average
there is a shift of power out of blade passing frequency har-
monics into the combination tones.

5) For blade designs where there is no shock merging, most
of the combination tone sound power is concentrated in the
tones up to blade passing frequency with the expected peak
at frequencies about one-half of blade passing frequency.
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Fig. 10 Pressure-time waveforms illustrating shock merging.
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